Introduction
We work over the complex numbers field C. In the present survey, we report some recent progress on the study of varieties with mild singularities like log terminal singularities (which are just quotient singularities in the case of dimension 2; see [KMM] ). Singularities appear naturally in many ways. The minimal model program developed by Mori et al shows that a minimal model will inevitably have some terminal singularities [KMo] . Also the degenerate fibres of a family of varieties will have some singularities.
We first follow Iitaka's strategy to divide (singular) varieties Y according to the logarithmic Kodaira dimension κ(Y 0 ) of the smooth locus Y 0 of Y . One key result (2.3) says that for a relatively minimal log terminal surface Y we have either nef K Y or dominance of Y 0 by an affine-ruled surface. It is conjectured to be true for any dimension [KMc] . In smooth projective surfaces of general type case, we have Miyaoka-Yau inequality c 2 1 ≤ 3c 2 and Noether inequalities: p g ≤ (1/2)c 2 1 + 2, c 2 1 ≥ (1/5)c 2 − (36/5). Similar inequalities are given for Y 0 in Section 4; these will give effective restriction on the region where non-complete algebraic surfaces of general type exist.
In Kodaira dimension zero case, an interesting conjecture (3.12) (which is certainly true when Y is smooth projective by the classification theory) claims that for a relatively minimal and log terminal surface Y of Kodaira dimension κ(Y 0 ) = 0, one has either π 1 (Y 0 ) finite, or an etale cover Z 0 → Y 0 where Z 0 is the complement of a finite set in an abelian surface Z. Some partial answers to (3.12) are given in Section 3.
The topology of Y 0 is also very interesting. We still do not know whether π 1 of the complement of a plane curve is always residually finite or not. Conjecture (2.4) proposed in [Z7] claims that the smooth locus of a log terminal Fano variety has finite topological fundamental group. This is confirmed when the dimension is two and now there are three proofs: [GZ1, 2] (using Lefschetz hyperplane section theorem and Van Kampen theorem), [KMc] (via rational connectivity), [FKL] (geometric).
Typeset by A M S-T E X
The other interesting topic covered is the automorphism groups. Recent progress in K3 surface case is treated in Section 5. For generic rational surface X of degree ≤ 5, it is classically known that |Aut(X)| divides 5!. However, when Y is a log terminal del Pezzo singular surface of Picard number 1, it is very often that Aut(Y ) contains Z/(p) for all prime p ≥ 5 (see [Z9] or (6.2)).
Terminology and Notation
(1). For a variety V we denote by V 0 = V −Sing V the smooth locus. (2). A (−n)-curve C on a smooth surface is a smooth rational curve with C 2 = −n. (1.2). (a) Let G ⊆ GL 2 (C) be a non-trivial finite group with no reflection elements. Then C 2 /G has a unique singularity at O (the image of the origin of the affine plane C 2 ). A singularity Q of a normal surface Y is a quotient singularity if locally the germ (V, Q) is analytically isomorphic to (C 2 /G, O) for some G. Quotient singularities are classified in [Br, Satz 2.11] . (b) When dim Y = 2, the Q in Y is a quotient singularity if and only if it is a log terminal singularity [Ka2, Cor 1.9] .
Q is a Du Val (or rational double, or Dynkin type ADE, or canonical, or rational Gorenstein in other notation) singularity if G ⊆ SL 2 (C) (see [Du] , [Re1] ).
In (1.3) -(1.6) below, we assume that Y is a normal projective surface with at worst quotient singularities.
(1.3). Let f : Y → Y be the minimal resolution and D the exceptional divisor. We can write f Proof. (2) follows from the fact that a quotient singularity is just a log terminal singularity [Ka2, Cor 1.9] . For (1) and (3), see [Br, Satz 2.11] and [Ar1, Theorem 2.7] .
(1.4). Y is a log del Pezzo surface if the anti-canonical divisor −K Y is Q-ample. Y is a Gorenstein (log) del Pezzo surface if further Y has at worst Du Val singularities (see [Mi, Ch II, 5 
A log del Pezzo surface is nothing but a log terminal Fano surface, and a Gorenstein del Pezzo surface is nothing but a canonical Fano surface. Proposition. Let Y be a rational log Enriques surface with #(Sing Y ) = 1. Then I(Y ) = 2 and the unique singularity is of type (1/4n)(1, 2n − 1) for some n ≥ 1.
(1.6). The surface Y is relatively minimal if for every curve C, we have either K Y .C ≥ 0 or C 2 ≥ 0. Suppose that Y is not relatively minimal. Then there is a curve C such that K Y .C < 0 and C 2 < 0. By [MT1, Lemma 1.7 (2)], we see that there is a contraction Y → Z of the curve C to a smooth or quotient singularity such that the Picard number ρ(Z) = ρ(Y ) − 1. So every projective surface with at worst quotient singularities has a relatively minimal model.
Y is strongly minimal if it is relatively minimal and if there is no curve C with C 2 < 0 and C.K Y = 0 [Mi, Ch II, (4.9) ].
(1.7). A smooth projective rational surface X is a Coble surface if | − K X | = ∅ while | − 2K X | = ∅. A Coble surface is terminal if it is not the image of any birational but not biregular morphism of Coble surface.
Coble surfaces are classified in [DZ] . Here is an example. Let Z be a rational elliptic 3 surface with a multiplicity-2 fibre F 0 and a non-multiple fibre F 1 of type I n (see [CD] for classification of Z). Let X → Z be the blow up of all n intersection points in F 1 . Then X is a terminal Coble surface. Coble surfaces and log Enriques surfaces are closely related.
Proposition [DZ, Proposition 6.4] .
(1) The minimal resolution X of a rational log Enriques surface Y of index 2 is a Coble surface with h 0 (X, −2K X ) = 1 and the only member D in |−2K X | is reduced and a disjoint union of D i , where D i is either a single (−4)-curve or a linear chain with the dual graph below (each D i is contractible to a singularity of type (1/4n i )(1, 2n i − 1) with n i = #D i ):
If we let X te → X be the blow up of all intersection points in D, then X te is a terminal Coble surface with h 0 (X te , −2K Xte ) = 1 and the only member in | − 2K Xte | is a disjoint union of n of (−4)-curves with n = i n i .
(2) Conversely, a terminal Coble surface X has a unique member D in | − 2K X |, and D is reduced and a disjoint union of (−4)-curves.
(1.8). A smooth affine surface S is a Q-homology plane if H i (S, Q) = 0 for all i > 0. Similarly we can define a Z-homology plane and Q-homology plane with quotient singularities. The following very important theorem is proved by Gurjar, Pradeep and Shastri in their papers [GS] , [PS] , [GPS] and GPr]. Proof. We may assume that K Y is not nef. Then by [KMM, Theorems 4-2-1 and 3-2-1], there is an extremal ray R >0 [C] with C a rational curve, and a corresponding morphism Φ : Y → Z with connected fibres such that a curve E is mapped to a point by Φ if and only if the class of E is in R >0 [C] .
Case dim Z = 2. Then Z has at worst log terminal singularities (= quotient singularities) by [KMM, . This contradicts the relative minimality of Y .
Case dim Z = 0. Then Pic Y is generated over Q by C and hence Picard number ρ(Y ) = 1 and C is Q-ample. Since K Y .C < 0, we have K Y = aC (numerically) with a < 0. So the case (2b) occurs.
Case dim Z = 1. Then a general fibre F of Φ is P 1 because F 2 = 0 and K Y .F < 0 (pull back to Y and use genus formula). Clearly the case (2a) occurs. This proves the theorem. 
Proof. The equivalence of (1) and (2) is proved in [MT1, Theorem 2.11] . (2) implies (3) by Theorems 2.1 and 2.2. Assume (3). Now κ(X 0 ) = −∞ is clear by considering a ruled surface as a completion of X 0 with the boundary equal to the union of a section (or empty set) and a few fibre components. Since (2) follows.
Now we turn to the topology of smooth locus of a variety. We proposed the followingin [Z7] .
Conjecture 2.4. Let V be a Fano variety with at worst log terminal singularities. Then the topological fundamental group π 1 (V 0 ) is finite.
The affirmative answer to (2.4) would imply the following which was conjectured in [KZ] and is now a theorem of S. Takayama [Ta] . Indeed, (2.4) would imply that π 1 (V ) is finite and we let U → V be the universal cover. Then χ(O U ) = nχ(O V ), where n = |π 1 (V )|. The Kawamata-Viehweg vanishing implies that χ(O X ) = h 0 (X, O X ) (= 1) for both X = U and V . Hence n = 1.
Theorem 2.5. Let V be a Fano variety with at worst log terminal singularities. Then π 1 (V ) = (1).
The result (2.5) would also follow from the following conjecture which is still open for dimension 4 or higher. It is proved in 3-fold case by [Ca] and [KoMiMo] . Recently, Graber, Harris and Starr [GHS] have proved that any complex algebraic variety having a fibration with rationally connected general fibres and image (or base), is again rationally connected.
Conjecture 2.6. Let V be a Fano variety with log terminal singularities. Then V is rationally connected, i.e., any two general points are connected by an irreducible rational curve.
Partial answers to (2.4) are given in (2.7) ∼ (2.10).
(2.7). When dimension is 2, Conjecture 2.4 was proved in affirmative by [GZ1, 2] ; for a differential geometric proof, see [FKL] . In [KMc, Cor 1.6] , it was proved that for a log del Pezzo surface Y , the Y 0 is rationally connected and hence has finite π 1 (Y 0 ) (see [Ca] and [KoMiMo] ). (
(2) dim V = 3 and V has only Gorenstein isolated singularities.
(2.11). The following gives a concrete upper bound for π 1 (V 0 ) in certain case. A relation m(K V + H) ∼ 0 in the theorem below occurs when V has Fano index 1 and Cartier index m. It is conjectured that m = 1, 2. To prove the theorem below, we show first that there is a natural surjective map 
Remark 2.12.
(1) In (2.4) if we replace "log terminal" by "log canonical", then (2.4) has counterexamples; more precisely, if V is a normal Fano surface with at worst rational log canonical singularities, then
(2) In (2.9), the upper bound is optimum [MZ1, Lemma 6]; also "canonical" can not be replaced by "log terminal" [Z3, Appendix] .
(2.13). In [Kj2] , log del Pezzo surfaces with a unique singularity are classified (including the existence part). The classification of log del Pezzo surface of Cartier index ≤ 2 were announced in [AN] . In [Kj4] , Kojima classified Picard number 1 log del Pezzo surfaces Y of index 2, in a way different from [AN] (2.14). In [Ni3] , the Picard number ρ( Y ) of the minimal resolution Y of a log del Pezzo surface Y is bounded from above in terms of the maximum of multiplicities of Y . Proof. In notation of (1.3), we have In view of (3.3), to classify those Y with at worst quotient singularities and κ(Y 0 ) = 0, we need only to consider rational surfaces Y with mK Y ∼ 0 for some integer m ≥ 2 (see (1.5)). These are precisely rational log Enriques surfaces (1.5). Recently, Suzuki [Su] has proved Morrison's cone conjecture for rational log Enriques surfaces Y : there is a finite rational polyhedral cone which is a fundamental domain for the action of Aut(Y ) on the rational convex hull of its ample cone. 
is the Jacobian surface of the genus-2 curve : y 2 = x 5 − 1, and g 5 in Aut(X 5 ) is induced by the curve automorphism : (x, y) → (ζ 5 x, y) (see [Bl, Next we will investigate the behaviour of π 1 (Y 0 ) and propose a conjecture (3.12) generalizing the one in [CKO] . Note that Z/(I) is the image of π 1 (Y 0 ) by a homomorphism. The results (3.9) ∼ (3.11) support the following which is just the conjecture in [CKO] when Y is a Du Val K3 surface, i.e., when I(Y ) = 1 and q(Y ) = 0. (3.13). Since the canonical cover X → Y of a log Enriques surface is unramified over Y 0 , we have π 1 (Y 0 )/π 1 (X 0 ) = Z/(I). So (3.12) is, in most cases, reduced to the problem of π 1 (X 0 ) for a Du Val K3 surface X (see (3.5)). We have the following: 10 (3.15). In [Oh] , pairs (S, ∆) of normal surface S and a Q-divisor ∆ satisfying K S + ∆ ≡ 0 (numerically) are considered. These pairs appear naturally as degenerate fibres in log degeneration; for many interesting cases, he completed the classification of these pairs.
(3.16). In [Kj1, Theorem 0.1], strongly minimal smooth affine surface S with κ(S) = 0 is classified and its invariants are classified (strongly minimal means almost minimal and having no exceptional curve of the second kind [Mi, Ch II, (4.9)]). In particular, the minimal m > 0 with log pluri-genus P m (S) > 0, the log irregularity q(S) and the Euler number e(S) satisfy the following (π 1 (S) is also calculated there, which is generated by at most two elements):
m|6, q(S) ∈ {0, 1, 2}, e(S) ∈ {0, 1, 2, 3, 4}.
(3.17). In [Fu, §8] , all Q-homology planes of Kodaira dimension 0 are classified. It was also proved there that there is no Z-homology plane S of Kodaira dimension κ(S) = 0. The paper [Fu] is very important and also essentially used in [Kj1] .
(3.18). Iitaka [I2] conjectured that an affine normal variety S is isomorphic to (C * ) n if and only if κ(S) = 0 and q(S) = dim S. In the same paper, he himself proved it when dim S = 2.
According to [I1] , a (possibly open) surface S is logarithmic K3 if the logarithmic invariants satisfy : q(S) = 0, p g (S) = 1, κ(S) = 0. In [I1] log K3 surfaces were classified. In [Z1] , one defines the Iitaka surface as a pair (V, A + N ) of smooth projective rational surface V and reduced divisor A + N with A + K V ∼ 0 and N contractible to Du Val singularities, and the classification of such pairs were done there. 11 (3.19). In [Kj3] , Kojima studies complements S of reduced plane curves with κ(S) = 0; in particular he proves that the logarithmic geometric genus p g (S) = 1. [Mi, Ch II, Theorem 4.12] ). Denote by LC the set of points on Z which is log canonical but not log terminal (i.e., not of quotient singularity). Then we have the following Miyaoka-Yau type inequality proved by [Kb1, 2] and [KNS] . 
(4.4). For smooth and minimal surfaces X of general type, we have Noether inequalities
For singular surfaces, we have: 
(4.5). For smooth projective surface X of general type, the famous Miyaoka-Yau inequality asserts that c 1 (X) 2 ≤ 3c 2 (X). Consider log surface (V, D) with V a smooth projective surface and D a reduced divisor with simply normal crossings. Set c Section 5. Automorphisms of algebraic surfaces -smooth surface case (5.1). We mention some background of Aut(X) where X is a smooth projective rational surface. Aut(X) had been studied by S. Kantor more than one hundred years ago [Kt] . It was continued by Segre, Manin, Iskovskih, Gizatullin and many others [Se] , [Ma1, 2] , [Is] , [Gi] . See also [Ho1] , [Ho2] . In [DO] , the group of automorphisms of any general del Pezzo surface is described and it turns out that its discrete part is equal to the kernel of the Cremona representation on the moduli space of n points in P 2 . Very recently, de Fernex [dF] constructed all the Cremona transformations of P 2 of prime order, where he employed the methods different from those used by Dolgachev and Zhang in [ZD] . In [ZD] , minimal pairs (X, G) with prime order p = |G| was considered. In particular, using the recent Mori theory, it was shown there that if the G-invariant sublattice of Pic X has rank 1 then p ≤ 5 unless X = P 2 ; the short and precise classification of these pairs, modulo equivariant isomorphism, was also given there. 13
Generic Enriques surfaces have infinitely many automorphisms. Those Enriques surfaces with finite automorphisms have been classified by S. Kondō ([Kon4] , see also [Ni2] ); there are seven families of such Enriques surfaces. It follows that K3 covers of Enriques surfaces all have infinite automorphism groups.
For K3 surfaces, much progress on their automorphism groups has been done by Kondō, Keum, Dolgachev, Oguiso, and Zhang ([Kon1, 2, 3] , [Ke1, 3] , [KK] , [DK] , [OZ1, 3, 4, 5] ).
It is known that minimal surfaces of general type has only finite automorphism groups. It was Xiao [Xi1] who gave a proof of the existence of a bound for the order of the automophism group, which is linear in the Euler number of the surface. For curves C of genus ≥ 2, a classical theorem of Hurwitz gave a sharp bound |Aut(C)| ≤ 84(g(C)−1) = −42e(C). (5.2). In [ZD] , pairs (X, G) of a smooth rational projective surface X and a finite group of automorphisms are considered. A pair is minimal if every G-equivariant birational morphism to another pair (Z, G) is an isomorphism.
Theorem [ZD, Therorem 1] . Let (X, µ p ) be a minimal pair with p a prime number.
µp has rank at least 2, then X is a Hirzebruch surface and the pair (X, µ p ) is birationally equivalent to a pair (P 2 , µ p ). (2) If (Pic X) µp has rank 1, then the pairs are classified in [ZD, T heorem1] ; in particular, we have p ≤ 5 unless X = P 2 .
(5.3). Let X be a K3 surface. The following are well known (cf. [BPV] ).
(1) H 2,0 (X) = Cω X , where ω X is a nowhere vanishing global holomorphic 2-form on X.
(2) H 2 (X, Z) is an even unimodular lattice of signature (3,19) with the cup product, so we have an isomorphism
where U (resp. E 8 ) is the even unimodular lattice of signature (1,1) (resp. (8,0)). (3) Pic (X) is isomorphic to the Néron-Severi group N S(X), and hence can be viewed as a sublattice of H 2 (X, Z). The rank of Pic (X), called the Picard number of X, is denoted by ρ(X). This number can take the value 0, 1, ..., 20. The lattice Pic (X) is hyperbolic(=Lorentzian) if X is projective, and is semi-negative definite or negative definite if X is not projective. 14 (4) Recall that all K3 surfaces are Kähler [Siu] , so Hodge decomposition holds for them.
denote the Kähler cone of X, the set of all classes of symplectic forms of Kähler-Einstein metrics on X. In K3 surface case, C(X) can be numerically characterized as follows:
C(X) = {ω ∈ H 1,1 (X, R) : ω, ω > 0, ω, R > 0 for all smooth rational curves R} For a compact Kähler manifold, Nakai-Moishezon type criterion, i.e. the characterization of the Kähler cone, is highly non-trivial (see [DP] ).
(6) Let r be an element of Pic (X) with r, r = −2d (d > 0), and r, Pic (X) ⊂ dZ. Then
defines an isometry of Pic (X), called a (−2d)-reflection. Let W (Pic(X)) (resp.W (Pic(X)) (2) ) be the subgroup of the orthogonal group O(Pic(X)) generated by all reflections (resp. all (−2)-reflections). These are normal subgroups of O(Pic (X)) and, by linearity, acts naturally on H 1,1 (X, R). The set
has two components, each a cone over a 19-dimensional hyperbolic manifold with constant curvature. C(X) is contained in one of the two components, and the action of W (Pic (X)) (2) on this component has C(X) as its fundamental domain.
(7) If X is projective, the ample cone
is non-empty and can be numerically characterized as D(X) = {ω ∈ Pic (X) ⊗ R : ω, ω > 0, ω, R > 0 for all smooth rational curves R}.
The group W (Pic (X)) (2) acts on the component P + (X) of
containing D(X), and has D(X) as its fundamental domain. Note that O(Pic (X)) acts on P + (X) and is a semi-direct product of the normal subgroup W (Pic (X)) (2) and the symmetry group SymD(X) of the cone D(X), i.e.
(5.4). The Torelli theorem asserts that a K3 surface is determined up to isomorphism by its Hodge structure. More precisely we have:
, [BR] ). Let X and Y be K3 surfaces, and let
be an isometry. Extend φ to H 2 (X, C) or to H 2 (X, R) by tensoring with C or R. Then :
(5.5). Let X be a projective K3 surface. Torelli theorem shows that there is a map
which has finite kernel and cofinite image. So in practice, if we want to describe Aut(X), the main step is to calculate O(Pic (X))/W (Pic (X)) (2) . This is in general a highly nontrivial arithmetic problem, if the group is infinite. There are 3 cases:
Remark. The case (1) occurs if and only if Aut(X) is finite. If ρ(X) ≥ 3, this occurs if and only if X contains at least one but finitely many smooth rational curves. If ρ(X) = 2, this occurs if and only if X contains a smooth rational curve or an irreducible curve of arithmetic genus 1, if and only if Pic (X) represents −2 or 0 [PSS] . Nikulin [Ni1, Ni4] and Vinberg classified all such lattices of rank ≥ 3 belonging to the case (1). It follows from the classification that every algebraic Kummer surface has an infinite automorphism group (cf. [Ke2] ).
The classification of the Néron-Severi lattice is also utilized in , where he has proved the density of the jumping loci of the Picard number of a hyperkähler manifold under small 1-dimensional deformation, where he reveals the structure of hierarchy among all the narrow Mordell-Weil lattices of Jacobian K3 surfaces.
(5.6). For finite groups which can act on a K3 surface, the following results are given by S. Mukai and S. Kondo.
Theorem [Mu] , [Kon2] . Let X be a K3 surface and let G be a finite symplectic subgroup of Aut(X), i.e. G acts trivially on H 2,0 (X). Some projective K3 surfaces, including all algebraic Kummer surfaces and K3 covers of Enriques surfaces, have infinite automorphism groups. Given a projective K3 surface X with Aut(X) infinite, it is an interesting problem to determine a set of geometric generators of Aut(X). This problem has been settled for certain classes of K3 surfaces. These results are given in (5.7) -(5.10) below.
(5.7). Two most algebraic K3 surfaces Vinberg [Vin] calculated Aut(X) for two K3 surface with transcendental lattice
respectively. In both cases, the full reflection group W (Pic (X)) is of finite index in O(Pic (X)).
(5.8). generic Jacobian Kummer surfaces Let C be a smooth curve of genus 2. The Jacobian variety J(C) of C is an abelian surface with a natural involution τ and the quotient variety J(C)/τ has 16 singularities of type A 1 . This surface can be embedded as a quartic surface F in P 3 with 16 nodes. The minimal resolution X of J(C)/τ is called the Jacobian Kummer surface associated with C. We call X generic if the Néron-Severi group of J(C) is generated by the class of C. For X generic, the transcendental lattice T (X) can be computed as follows:
Note that Aut(X) is isomorphic to the birational automorphism group Bir(F ) of the singular quartic surface F . At the last century it was known that X has many involutions, that is, sixteen translations induced by those of J(C) by a 2-torsion point, sixteen projections of F from a node, sixteen correlations by means of the tangent plane collinear to a trope, and a switch defined by the dual map of F . In 1900, Hutchinson found another 60 involutions associated with Göpel tetrads. Since Hutchinson, for generic X no other automorphism had been provided until new 192 automorphisms were given in [Ke1] . (5.9). Kummer surfaces associated with the product of two elliptic curves The following four cases were considered. In each case, a set of generators of Aut(X) is given in [KK] .
Case I. X = Km(E × F ) where E and F are non-isogenus generic elliptic curves. Case II. X = Km(E × E) where E is an elliptic curve without complex multiplications.
where ω is a 3rd root of unity and E τ is the elliptic curve with τ as its fundamental period.
The transcendental lattice T (X) can be computed as follows:
Remark. In Case I the group W (Pic (X)) is of finite index in O(Pic (X)) and in other cases not.
(5.10). Quartic Hessian surfaces Let S : F (x 0 , x 1 , x 2 , x 3 ) = 0 be a nonsingular cubic surface in P 3 . Its Hessian surface is a quartic surface defined by the determinant of the matrix of second order partial derivatives of the polynomial F . When F is general enough, the quartic H is irreducible and has 10 nodes. It contains also 10 lines which are the intersection lines of five planes in general linear position. The union of these five planes is classically known as the Sylvester pentahedron of S. The equation of S can be written as the sum of cubes of some linear forms defining the five planes. A nonsingular model of H is a K3 surfaceH. Its Picard number ρ satisfies the inequality ρ ≥ 16. Note that Aut(H) ∼ = Bir(H). In [DK] an explicit description of the group Bir(H) is given when S is general enough so that ρ = 16. In this general case, the transcendental lattice T (H) can be computed as follows:
Although H, in general, does not have any non-trivial automorphisms (because S does not), the group Bir(H) ∼ = Aut(H) is infinite. It is generated by the automorphisms defined by projections from the nodes of H, a birational involution which interchanges the nodes and the lines, and the inversion automorphisms of some elliptic pencils onH.
This can be compared with the known structure of the group of automorphisms of the Jacobian Kummer surface (5.8). Indeed, the latter surface is birationally isomorphic to the Hessian H of a cubic surface [Hu] but the Picard number ofH is equal to 17 instead of 16.
(5.11). Let us explain the method for computing the automorphism group of an algebraic K3 surface, which was first employed by S. Kondō for generic Jacobian Kummer surface case (5.8) [Kon1] . The two cases (5.9) and (5.10) use this method, and even the first case (5.7) can also be calculated by the same method (See [Bor2] ).
Let X be an algebraic K3 surface with large Picard number, say ρ(X) ≥ 3. Suppose that Aut(X) is infinite. Then the ample cone D(X) is not a (finite) polyhedral cone, i.e. has infinitely many faces. Hence, it is difficult to describe D(X) explicitly. Assume that one can find
• a set of automorphisms {g α } of X whose action on D(X) has D ′ as a fundamental domain.
Then, by (5.5), one can conclude that the automorphisms {g α } generate the whole group Aut(X), up to finite groups. In addition to {g α }, some symmetries of D ′ (not all elements of SymD ′ in general) may realize as automorphisms of X and some projectively linear automorphisms, if any, generate the kernel of the map in (5.5).
Remark. In the above, g α corresponds to a face of D ′ orthogonal to a vector α, and acts on D(X) like a reflection, i.e. sends one of the half-spaces defined by α to the other half-space defined by α or to one of the two half-spaces corresponding to g −1 α . The second case actually occurs in generic Jacobian Kummer surface case (5.8).
(5.12). To find such a polyhedral cone D ′ ⊂ D(X), Kondō used the known structure of the orthogonal group of the even unimodular lattice II 1,25 of signature (1, 25) . (Such a lattice is unique up to isomorphism and is isomorphic to Λ ⊕ U , where Λ is the Leech lattice, i.e. the even unimodular negative definite lattice of rank 24 which contains no vectors of norm −2.) To be more precise, the following steps lead to the calculation of Aut(X).
Step 1. Compute Pic (X).
Step 2. Embed Pic (X) primitively into II 1,25 = Λ ⊕ U such that the projection of theWeyl vector w = (0, (0, 1)) ∈ Λ ⊕ U onto Pic (X) ⊗ R must be an ample class. Conway [Co] described a fundamental domain D of the reflection group W (II 1,25 ) (2) in terms of the Leech roots (=roots with intersection number 1 with the Weyl vector w). More precisely, he showed that W (II 1,25 ) (2) is generated by (−2)-reflections corresponding to Leech roots.
Step 3. The fundamental domain D of the reflection group W (II 1,25 ) (2) cuts out a finite polyhedral cone D ′ inside the ample cone D(X). In other words,
where P + (X) is the positive component of {ω ∈ Pic (X) ⊗ R : ω, ω > 0}. Indeed, D contains the Weyl vector w and, by
Step 2, the projection of w is contained in D ′ . Determine the hyperplanes α which bound D ′ . The reason why D ′ is polyhedral comes from Borcherds [Bor1] ; among infinitely many faces of D, those intersecting P + (X) bound D ′ , and these faces correspond to Leech roots having a non-zero projection onto Pic (X)⊗R.
Step 4. Match the faces α of D ′ with automorphisms g α such that g α sends one of the half-spaces defined by α to the other half-space defined by α or to one of the two half-spaces corresponding to g −1 α . This allows one to prove that the automorphisms g α generate a group of symmetries of D(X), having D ′ as its fundamental domain.
Step 5. Take care of SymD ′ . See if which symmetries of D ′ realize as automorphisms of X. Finally see if there are any projectively linear automorphisms, (which generate the kernel of the map in (5.5)).
Remark. In the known cases (5.7) -(5.10), the embedding Pic (X) ⊂ Λ ⊕ U is given in such a way that Pic (X) is the orthogonal complement of a root sublattice of Λ ⊕ U . For example, in case (5.7) the orthogonal complement of Pic (X) in Λ ⊕ U is a primitive sublattice of rank 10 which contains a negative definite root lattice of type A 5 + A 5 1 , which is of index 2.
In practice, Step 4 seems most complicated. The automorphism g α works like a reflection, but is not necessarily an involution. It may be of infinite order. At any rate, g α may be geometrically evident, or can be picked up from a list of already known automorphisms, or may be found by looking at extra structures of X, e.g. elliptic fibrations, double plane structures,..., etc. In worst cases, one has to find an (abstract) effective Hodge isometry of H 2 (X, Z) and then realize it geometrically. The reason why the beautiful combinatorics of the Leech lattice plays a role in the description of the automorphism groups of K3 surfaces is still unclear to us. We hope that the classification of all K3 surfaces whose Picard lattice is isomorphic to the orthogonal complement of a root sublattice of II 1,25 will shed more light to this question. 20
